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Introduction

Today, there exist a variety of models for orthogonal cutting. These
cover a wide range of concepts with the simple shear plane models at
one end and the complex slip line models at the other end. Each model
emphasises a particular aspect at the cost of others. Yet, it is the ex-
istance of this variety which enables us to have an understanding of
the totality of metal cutting though no single model is able to cover
the totality.

The situation with oblique cutting is entirely different. With the
exception of shear plane models [1, 2]' and others involving mean
shear zone thickness [3] etc., no serious attempt has been made to
extend other models of orthogonal cutting to problems of non-
plane-strain cutting. Such extensions are, however, desirable since
they would throw more light on aspects hitherto unexplored in oblique
cutting. This will also test the model in a new environment and would
throw greater light on its advantages and limitations.

This paper aims at extending to oblique cutting, a pseudo-slip line
solution proposed by Connally and Rubenstein [4] for orthogonal
cutting. After developing the model it is verified against the experi-
mental data available in literature and the implications discussed.

Connally and Rubenstein’s Orthogonal Cutting Model
Fig. 1(a) shows the assumed bounds of the primary deformation

zones. These bounds must obviously be slip lines. Consider a slip line

close to the lower bound. For simplicity, let the transient curve joining

1 Numbers in brackets designate References at end of paper.

Contributed by the Production Engineering Division and presented at the
Winter Annual Meeting, Atlanta, Ga., November 27-December 2, 1977 of THE
AMERICAN SOCIETY OF MECHANICAL ENGINEERS. Manuscript re-
ceived at ASME Headquarters June 27, 1977. Paper No. 77-WA/PROD-6.

Journal of Engineering for Industry

On a New Model of Oblique Cutting

the unmachined surface to the chip surface be ignored. The slip line
then meets the unmachined surface at 45 deg. OB is then the nominal
shear plane used in Merchant’s [1] analysis. The slip line is further
assumed to be parallel to the cutting speed at the end it meets the
cutting edge. This feature and the absence of the transient surface
are valid flaws in the model.

The cutting forces contributed by chip formation can be estimated
if the stress distribution on the slip surface are known. It is more at-
tractive to consider a slip surface close to the lower boundary of shear
zone, since the material there is still in the virgin state. The curvature
of the lower bound surface is usually low. It is therefore permissible
to replace the slip surface by two planes (S and L-planes) parallel to
it at each end. The error involved in such a procedure would be low
as far as the estimation of cutting forces is concerned. It would of
course be undesirable to stretch the model to other aspects of ma-
chining like the determination of exact stress and strain distributions
etc.

The stress distribution along the S and L planes may be estimated
from the well known properties of slip lines. Integrating these stresses
and taking appropriate components it is possible to estimate the
cutting forces. Such estimations made by Connally and Rubenstein
[4] agreed well with experimental observations. Rubenstein [5, 6]
further used the theory to investigate other features of metal cutting
with reasonable success. In these he used the length ‘1" of the L-plane
as a parameter similar in scope to the shear angle in conventional
analysis.

The New Oblique Cutting Model

On the basis of empirical evidence, it may be said that the primary
effect of obliquity is to change the orientation of slip on the slip sur-
faces on the primary deformation zone. When one attempts at the
extension of Connally and Rubenstein’s model to oblique cutting, one
is tempted to keep the S and L-planes as they are and introduce lat-
eral slips. This is in line with Merchant’s [1] approach where he in-
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troduced lateral slips on the conventional shear plane to take into
account the effect of obliquity. However, this would mean that the
actual slip lines are now inclined to the normal plane. If the S plane
is kept inclined to the cutting plane at 45 deg, the slip lines would meet
the free surface at an angle less than 45 deg. It is therefore necessary
to change the orientation of S-plane accordingly.

Fig. 1(b) illustrates the basic features of the proposed model. RS
is the cutting edge. Plane RJKS is the nominal shear plane. Curved
surface RJKS is the slip surface under consideration. Planes PJKQ
(S-plane) and PQSR(L-plane) are drawn tangential to surface RJKS
at each end. The S-plane is inclined to the cutting plane at angle ¢,
whereas the L-plane is in it. PQ is the line of intersection of the S and
L-planes. I, is the length of S-plane.

Shear is assumed to take place on surface RJKS in the direction
represented by curve OB. For simplicity it is assumed that OB is a
plane curve perpendicular to the cutting plane. 8 is the angle made
by this characteristic plane with the normal plane. # may thus be
considered as the lateral shear angle in the L-plane.  is the corre-
sponding angle in the S-plane. AB which is tangential to the orien-
tation of shear in the S-plane should be at 45 deg to the cutting plane.
From the geometry of Fig. 1(b) the following expressions can now be

obtained.
tan ¢, = secf or cosec ¥, = (1 + cos2 §)1/2 (1)
sin Y = sin 8/v2 (2)
o, (b) GEOMETRY OF THE NEW and
OBLIQUE CUTTING MODEL
ln = a (cos ¢, — cos 6) (3)
L=
L
- e ¥ Gy SR €SP R Where ¢, the nominal normal shear angle may be obtained from the
X chip compression ratio a./a from the following relationship.
¥n #n IN NORMAL PLANE
i cOS o,
s = (4)
\ (vsnlL GRS,
" |
L -5 The areas As and A, of the S and L-planes are given by
Fig. 1 The new oblique cutting model As = aw (1 + cos? §)1/2 (5)
and
— 0Menclature

As, Ap = Areas of § and L-planes respec-
tively

t = Angle of inclination, complement of the
angle between cutting speed and cutting
edge vectors

l, I, = Length of L plane in orthogonal and
oblique cutting respectively

Ng, Ni = Normal forces on the S and L-
planes respectively

Nsn, Ng, = Normal and thrust components
of Ng respectively

Sg, St = Shear forces on the S and L-planes
respectively

Ssn, Ss1, Ssy = Normal, lateral and thrust
components respectively of Sg

Stn, S = Normal and lateral components of
S.. respectively

P,, P, P, = Normal, lateral and thrust
components respectively of the cutting
forces

P,', Py, P,’ = Magnitudes of P,, P; and P,
contributed by chip formation, i.e., with
the parasitic forces at the cutting edge and
the tool flank eliminated

V = Cutting speed
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V; = Velocity of shear on Merchant’s shear
plane

V. = Velocity of chip

Vi, Vi = Normal and lateral components of
Vv

Vsn, Vst = Normal and lateral components of
v

Ven, Vi = Normal and lateral components of
Ve j

(Vinds, (Vin)r = Contributionite V., by S
and L-planes respectively

(Vsi)s, (V) = Contributions to V by S and
L-planes respectively

Vi = Velocity of rotary motion of a rotary
tool

w = Length of cutting edge in engagement,
width of cut

a, = Rake angle measured in normal plane

¢, = Shear angle measured in normal
plane

¥, = Angle between direction of shear on
S-plane and trace of normal plane on S-
plane

¥n = Angle between the cutting plane and the
S-plane

i = Characteristic angle, angle between di-
rection of shear on L-plane and normal to
the cutting edge

f, = Value of 8 estimated from chip flow
angle

p = Chip flow angle, angle between the di-
rection of chip flow and normal to the
cutting edge measured on the rake sur-
face

Cutting plane = Plane including the cutting
edge and cutting speed vectors

Normal plane = Plane normal to the cutting
plane

Characteristic plane = A plane normal to the
cutting plane and assumed to be including
the directions of shear on all the slip sur-
faces in the primary deformation zone

Normal component = A component of the
given vector normal to the cutting edge

Lateral component = A component of the
given vector parallel to the cutting edge

Thrust component = A component of the
given vector in a direction normal to the
machined surface
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Ar = aw (cot ¢, — cos ) (6)

It may be noticed that angle ¢, > 45 deg. For orthogonal cutting 6 =
0, ¥ = 45 deg as assumed in the orthogonal cutting model. As in the
case of orthogonal cutting [, may be interpreted as a parameter similar
in scope to the shear angle but in the present case it also includes the
effect of obliquity indirectly through 8.

The S-plane extends upto the free surface. Therefore the normal
and shear stresses on the plane are equal to the flow stress 7, of the
work material. Multiplying these stresses with the area Ag of the plane
the magnitudes of the shear force Sg and normal force Ng can be
found. From the knowledge of angles ¢, and y; these forces can be
divided into the normal (Sg,, Nsn), lateral (Ss;) and thrust (S, Nsy)
components. Plane L being a slip plane, the shear stresses on it is again
7. But the mean normal stress ‘p’ on it is unknown. Multiplying these
stresses with the area A; of the plane, the shear (S;) and normal
forces (NL) can be determined. These can be resolved further into the
normal (Sz,,), lateral (Sy.;) and thrust (N,) components. Cutting force
components P,,, P/’ and P,’ may be obtained by summing up the
appropriate components from the above.

The following expressions are obtained after simplification.

Pnj = SSn +NSJ1 + SLn
= r,Ag cos 45 deg cos il + 1,Ag sin ¥, + 7,4 cosf

=r,aw[l +cosf —cos B+ cos ¢n). (7)

(1 + cos? 8)132
P/ =8q+ 511
= r,Ag cos 45 deg sin f + 7,4y sin

: 1+ cos? 1/
=r,awsinf (—2—) —cosf+cotdn| (8)

P/ = Ss_\, + N,iy + N
=1, Assin45deg+ 7. Agscos Y, + p AL

1+ 2 gy 1/2
=aw[p(cot¢n—cosﬂ}—-rscusﬂ—rs (_c;s_‘_) ] (9)

An expression for parameter # may be obtained by dividing equation
7 with equation 8. Thus, in terms of force components P,," and P;" we
have,

=0

1 + cos? g\ 1/2 -1
+ [(7) — cos 8 + cot qﬁn] (10)

2

It will be shown later through empirical evidence that f ~ i. Substi-
tuting this equality in equation 7 one has

.71+ cos?iy1/2 ;
P,/ =rauw [1 + cos i (—2—) —cosi + cot ¢'n] (11)

It will be seen that equation 11 is as reliable as the more accurate
equation 7 in predicting the normal force P,’. However, when the
substitution fl ~ { was incorporated into equation 8 and checked with
experimental data the errors were found to be too high.

The Chip Flow Angle

In the following, an extension of the new model for the prediction
of the chip flow angle in oblique cutting is attempted. It may be noted
that such an extension to the analysis of kinematics did not form the
scope of the orthogonal cutting model of Connally and Rubenstein
(4]

Chip flow angle p has been demanding the attention of many in-
vestigators. Stabler [7] postulated that p = i. However, there are as
many reports of deviation from this postulate as are in conformance
to it. Further, the postulate does not account for the effect of rake
angle, cutting conditions etc., on the chip flow angle.

In the light of the new model one way interpret p to be character-
izing the orientation of slip near the rake surface just as fl characterized
the orientation of slip in the primary deformation zone. The velocity
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V.. of the chip on the rake surface can be resolved into normal (Ven)
and lateral (V,;) components. Thus

ch
Ven

tanp = (12)
Chip velocity V is the result of successive slips along all the slip sur-
faces in the primary deformation zone. Only with a complete knowl-
edge of the strain distribution on all these slip surfaces can one hope
to determine the magnitudes of V; and V... But equation 12 shows
that it is necessary only to evaluate the ratio of V,; to Ve,. If one as-
sumes that the general orientation of slip on all the slip surfaces is
same, it is enough to know the ratio of the contribution to V. and Ve,
by any one of the slip surfaces. In other words it is being assumed that
plane OAB of Fig. 1(b) characterises the orientation of slip on the slip
surfaces. With this back-ground it is now reasonable to assume that
slip is ‘actually’ taking place only on S and L-planes for the purpose
of determining p. Fig. 1(c) shows the ideal velocity diagram. The
cutting speed V and the chip speed V. can be resolved into normal
(V, and V.,) and lateral (V; and V.;) components. Vs, and Vy; are
the normal and lateral components of shear velocity V, on Merchant’s
nominal shear plane. For the present purpose these may distributed
along S and L-planes, as shown in Fig. 1(¢). and obtain the following
expressions.

Veos @n €OS §

- S (13)
cos (fi}n g ﬂn)
Vsn i n
(V,o)s = 2B b (14)
sin Yn
(Vin)r = Vi (cos ¢, — sin oy cos ) (15)
(Vi)s = (Vin)s tan (16)
(vs!)l, = (vsn)L tan f (17)
Cn:Vsian)ncosi (18)
cos (¢ — an)
and finally,
Va=Vi—Vg=Vsini— (Vs — (ValL (19)
combining equations 13-19 suitably and simplifying, we have
tan p = tani sin a, + (tan i — tan 6) cos ap/tan ¢, (20)

The above equation may be used either to estimate p from a knowl-
edge of f or conversely to determine f from p. Substituting p = i,one
may obtain the condition for stabler’s rule to be valid. It may also be
noted that a substitution 8 = i leads to absurd results in equation (20).
Equation 20 is very sensitive to difference (i — 8).

Verification of the Model From Experimental Data

The model is now tested against oblique cutting data reported by
Zorev [2], Kocecigglu [3] and Venuvinod and Lau [8] with the help of
a computer. For the sake of brevity the discussion is limited to Zorev's
[2] data here. However, the conclusions drawn were equally well
supperted by tests on the data of the other investigators. The test
results on all the data are summarised in Table 1. The cutting con-
ditions are also indicated in the table. It may be noted that the test
data includes a wide range of rake angle, inclinations angle, speed and
feed.

The following criteria have been used to test the accuracy of the new
model:

1. In equation 7 if the coefficient of 7, is plotted against the
measured P,’ one should get a straight line the slope of which gives
the magnitude of .. The value of r; so obtained should be reasonable
for the given work material. It is possible to make such a plot with
force P, obtained straight from measured forces or after eliminating
the parasitic force P, acting at the cutting edge and the tool flank.
This magnitude of Py, is conventionally obtained by plotting the gross
force P, against the uncut chip thickness and obtaining the intercept
of the resulting straight line on the force axis.

MAY 1978, VOL 100 ;,,,



%%%RE I: SUMMARY OF RESULTS OF APPLICATION OF NEW MODEL AGAINST EXPERIMENTAL

Data from
e Venuvinod and Illustrated

No. Item Zorev Kocecioglu Lau in Fig. No.

1. Work material 0.2% C Steel SAE 1015, Seamless tubing 118 Al-alloy -

BHN

2. Tool material HSS HSS HSS —

3. Rake angle, a, 20 deg —10 to +36.5 deg 30 deg —

4. Inclination angle, i 0-60 deg 0to 37 deg 0 to 50 deg —

5. Cutting speeds 0.7 m/min. 126-746 fpm 120 ipm —

6. Feeds 0.1-0.4 mm 0.004 to 0.012 in. 0.002 to 0.008 in. -

7. Range of P, 120-900 kgf 120-850 1bf 120-550 Ibf 2

8. Maximum scatter of P, from equation 7 70 kaf 100 Ibf 70 1bf 2

9. Estimated 7, from equation 7 using measured P, 44 Kgf/mm? 71 X 107 Ibf/in? 20.7 X 107 1bf/in? 2
10. . Maximum scatter of P, from Eqn. 7 60 Kgf — 100 Ibf 4
11. Estimate of 7, from Eqn. 7 using P,,’ 42 Kgf/mm? 2 19.5 X 102 Ibf/in2 4
12. Maximum scatter of P, from prediction by 20 Kgf 120 Ibf 60 1bf 3

Merchant’s Analysis

13. 7, estimated by Merchant’s Analysis from P, 54 Kgf/mm? 69 X 10 Ibf/in? 27 X 102 1bf/in? 3
14. Value of C in # = Ci from value of P, 0.9 R 0.9 6
15. Value of C in # = Ci from values P,,’ 0.84 A2 0.85 6
16. Maximum scatter from correlation f = 4, 8% 20% — 7

2. From a given set of experimental data to obtain the value of #
from force readings and compare the value so obtained with that de-
termined from chip flow angle using equation 20. These two values
must be close enough.

Fig. 2 shows the correlation between the predicted and actual values
of P,, obtained from Zorev’s data. It is seen that the agreement is good
and the slope of 44 kgf/mm? is reasonable for the work material. For
the sake of comparison, Fig. 3 shows the results of the same data an-
alysed by Merchant’s analysis. In this case P, is plotted against the
coefficient of 7, obtained by Merchant’s [1] analysis. It is seen that
the correlation of the new model is at least as good as Merchant’s
model. The slope 54 kgf/mm? in Fig. 3 is higher than the corre-
sponding estimate of 7, (44 kgf/mm?2) of the new model. This is un-
derstandable since in the new model the slip surface under consid-
eration is closer to the lower boundary of shear zone than Merchant’s
nominal shear plane. The material has not yet work hardened.

In Fig. 4, parasitic forces have been eliminated while estimating P,

to obtain P, and has been compared with the estimated force from
equation 7. It is seen that the general agreement is as good as in Fig.
2

Fig. 5 illustrates the close correlation between the values of P,’
predicted with the help of equations 7 and 11. Equation 11 is found
to be as good as equation 7. Equation 11 has the additional advantage
that it does not need the knowledge of either f or the chip flow angle
p. Such an estimation of ‘p’ without knowing chip flow angle is not
possible from conventional shear plane analysis.

The prediction of P; requires that the magnitude of # is determined
first. Fig. 6 shows the variation of # with i, as obtained from Zorev’s
data. It is seen that a linear relationship between i and 6 of the fol-
lowing form can be obtained.

b=Ci (21)

From Fig. 5 and Table 1 it can be concluded that the magnitude of C
lies in the range 0.83 to 0.9.
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Fig. 2 Verification of equation 7 from measured forces

280 / VOL 100, MAY 1978

AREA OF MERCHANTS SHEAR PLANE=aw/sin {p
; 2 |
F5=Ts{[ Pn c0S =Py Singn)? + p-g} 12
( DATA FROM IOREV, REF.2 )

Fig. 3 Analysis of data by conventional shear plane method
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Fig. 4 Verification of equation 7 from normal forces after eliminating parasitic
components

Fig. 7 compares the estimates of f from equation 10 based on force
data and equation 20 based on chip flow angle. The agreement is re-
markable. The agreement was found to be equally remarkable when
the data due to Kocecioglu® and Venuvinod and Lau [8] was examined
(see Table 1). This agreement is particularly impressive when it is
noted that the same value of # is obtained from two independent sets
of observations. This proves clearly the validity of the model both
from the point of view of gross forces and the velocities involved. It
also lends credibility to equation 20 predicting the chip flow angle.
The advantage of this equation over Stabler’s rule is that it includes
the effect of rake and shear angles on the chip flow angle. Thus,
through the shear angle, it is now possible to investigate the effects
of work material and cutting conditions on chip flow angle.

In the above, the model has been looked upon as a means of pre-
dicting cutting force components. On the other hand if forces are
measured, the magnitude of mean normal stress (p) ahead of the
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Fig. 5 Comparison of equations 7 and 11
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Q FROM FORCES AS MEASURED
L1 X FROM FORCES AFTER ELIMINATING
PARASITIC FORCES
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Fig. 6 Relationship between fl and angle of obliquity

cutting edge can be estimated. This should be of use in any investi-
gations regarding the effect of obliquity on phenomenon like defor-
mation of machined surface etc. Such information would not be
available if one resorted to the use of conventional shear plane anal-
ysis.

Fig. 8 is presented as yet another proof of the utility of the new
model. The model is used here to analyze the data obtained during
machining copper with a type II driven rotary tool of obliquity i = 52.5
at different rotary speeds V,. Here i, is a parameter characterizing
the rotary speed ratio and is given by

60 ipec) | o |10 |20 |30 |40 |50 |80
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40
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e 4
8 3o} "
i
-
b |
o
w
s 201
2
'S
a
@
1 O
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Fig. 7 Comparison of values of f from force data and from chip flow
angle
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thd 2 s iwt=A PARAMETER REPRESENTING
ROTARY SPEED RATIO

[ a) AS MEASURED

SELF PROPULSION

(b)AS PREDICTED BY
EGQUATIONS 7 AND 8

SELF PROPULSION

VJ_ I 1
60 80 100 120

I |
0 20 40 140 DEG.

-2k

Fig. 8 Application of new model to cutting with driven rotary tools

— cosi
: v
i e e (21)
1——tsini
v
The chip flow angle p was estimated from the chip dimensions.

Equation 20 was used for finding #. Equations 7 and 8 were used to
find P,,/7; and P;/7.. It is seen that agreement with measured forces
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is good. The steep fall at higher values of i,,; is ascribed to the fall in
s due to the rotary hot machining effect at higher rotary speeds.

Conclusions

1 A new model of oblique cutting based on the pseudo slip line
solution of orthogonal cutting by Connally and Rubenstein [4] has
been developed. The solution has been verified against experimental
data covering a wide range of cutting conditions.

2 Equation 7 or 10 may be used for the prediction of cutting force
component normal to the cutting edge and lying in the cutting plane.
Equation 20 may be used for the prediction of the chip flow angle. f
a new parameter characterising the orientation of slip in the primary
deformation zone, may be taken empirically to be equal to the incli-
nation angle i.

3 The new equation for chip flow angle (equation 20) is superior
to the well known Stabler’s rule [7] in as much as that it includes the
effect of rake and shear angles.

4 The new model is at least as effective as conventional shear
plane analysis [1]. It has, however, the following additional advan-
tages, viz:

a. Prediction of normal component (P,) of cutting force
without resort to chip flow angle; and

b. estimation of the normal stress (p) in the zone ahead of
the cutting edge which is closely related to phenomenon like
deformation of the machined surface ete.
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is appropriate to compare the approaches to design and manufac-
turing outlined in the Introduction. Traditionally, manufacturing is
often a study of detail. Successful designers of products and processes
utilize vast mental catalogs of detailed information on purchasable
parts and equipment capabilities. Their creative effort is largely an
art, an intuitive balancing of the pros and cons of an infinity of pos-
sible, but for the most part not practical, solutions. Most modern ef-
forts fo bring order to this mental excercise, so that design of products
and manufacturing systems can become more rational, rely on com-
puter based storage, sifting, selection and presentation of the options
and the facts. Group technology and its relatives attempt to bring
order to the storage and organization of this mass of detail so that
designers and process planners can generalize. This represents at
attempt in the algorithmic approach: computerize, pattern recognize
and automate.

The axiomatic approach is heuristic and more human oriented. It
attempts to bring order to human creativity by stating a few general
rules that will always lead to good results and that will so narrow the
range of possibilities that the mass of detail to be considered is within
the capacity of the designer and planner. As with the laws of ther-
medynamics, human creativity is not eliminated but augumented by
simple rules that measure progress. As with thermodynamics, inter-
pretation of the rules is not always simple, in fact, most students find
it difficult. The important aspect of the axiomatic approach is that
simple guidelines, properly interpreted, offer a way to proceed from
the very general to the specific, rather than beginning with the de-
tails.

The ultimate rational approach to manuf; acturing and manufac-
turing systems probably combines aspects of both the axiomatic and
algorithmic approaches. Certainly as long as engineers must be the

designers, computer-based approaches will require axiomatic methods
to interface the human mind to the excess of data he must deal with.
That is, any pure algorithmic approach will not succeed without the
powerful insight the axiomatic approach can provide in the optimi-
zation of manufacturing productivity,

Conclusions

It is highly plausible that an axiomatic approach can provide a
methodology for systematizing and bringing disciplinary features to
the manufacturing field. Therefore, an axiomatic approach may
provide powerful tools in dealing with issues involved in optimizing
manufacturing productivity and play the same role the thermody-
namic axioms played in accelerating the advancement of engineering
and science.
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